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Tlie  Center’s  principal  research  direaioas  are  materials  science  and  fluid  dynamics.  Its  projects  in 
ihe  first  direction  include  bounding  the  effective  moduli  of  composite  maierials,  and  modelling  the 
microstructurcs  which  arise  from  coherent  phase  transitions.  Its  projects  in  the  second  area  include 
modelling  the  effective  diffusivity  due  to  turbulent  irarrsport.  Here  are  some  highlights  of  the  Center’s 
scicntilic  achievements  j 


(a) 


(b) 


Robert  Kohn  and  Stefan  Muller  studied  die  twinning  that  occurs  in  a  martensitic  phase  transition. 
Elastic  energy  cniisideraiions  explain  gross  features  such  as  the  directions  of  tlie  twins  and  the  rela¬ 
tive  volume  fraction  of  e;ich  phase  variant.  However,  finer  features  such  as  the  length  scale  of  twin¬ 
ning  require  a  more  detailed  model,  incorporating  surface  energy  effects.  Kohn  and  Muller  have 
develciped  a  mathematical  model  which  captures  the  e.ssence  of  this  phenomenon.  It  turns  out  that 
llteie  are  two  distinct  regimes.  In  one,  the  twin  planes  arc  exactly  parallel,  and  dre  twin  widtli  w  is 
related  to  the  grain  size  L  by  the  law  in  the  second,  tlic  twins  branch  .self-similarly  a.s  the 

approach  die  austenite,  and  iv  is  related  to  die  di.slance  jc  to  the  austenite  hy  the  law  Previous 
analyses  -  of  which  there  have  been  many  in  the  physics  and  materials  literatures  -  all  missed  the 
second  regime,  though  something  similar  has  been  noted  in  the  context  of  ferroelectric  domains. 


Graeme  Milton  and  Gillcs  Franefort  have  been  investigating  the  relation  between  sequential  lamina¬ 
tion  and  bounds  on  effective  moduli.  Tlieir  long-raitge  goal  is  to  explain  why  scqucmial  lamination 
always  seems  .sufficient  for  cririslructing  composites  witli  extremal  effective  behavior.  This  goal  has 
not  yet  been  acliieved,  but  considerable  progress  has  been  made.  Milton  and  Franefort  have  studied 
what  it  meaas  for  a  set  L  of  effective  tensors  to  be  stable  under  lamination.  They  have  .shown  the 
following  property:  for  each  point  x  on  the  bounilary  of  L  tiicrc  is  an  associated  quadratic  fonu 
dcpcitding  only  on  die  second  order  behavior  of  the  boundary  at  x,  widi  the  property  that  is 
quasiconvex.  Moreover,  associated  with  there  is  a  set  of  effective  moduli  which  is  stable  under 
iHimogcnizaiion  and  includes  x  on  its  boumlary.  Milton’s  idea  is  that  as  x  varies  along  die  boundary 
of  L.  dicsc  stable  sets  .shoukl  wrap  around  L.  If  this  aiuld  he  proved,  then  it  would  follow  dial 
lanrinaii<)n-clo.scd  sets  arc  in  fact  homogenijcation-closed.  Wlulc  this  gratid  objective  has  not  yet 
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been  acliievecll  some  oilier  iinpoitaiu  pmpenjes  <if  G-tlosures  have  been  estublishcd.  In  particular, 
the  woik  of  Milton  and  Fiancfoit  has  shown  that  for  chaiiictcrizing  the  sot  of  possible  elfeciivc 
moduli  obtainable  by  mixing  (wo  maierials  in  tixed  volume  fiattions,  it  is  sufficient  to  consider 
bounds  on  sums  of  energies  and  complementary  energies. 

(c)  Marco  Avellaneda  and  Andrew  Majda  liave  been  woiking  on  the  passive  advcction  of  a  scalar  quan¬ 
tity  by  a  statioiuuy,  incompressible  velocity  field.  The  goal  is  to  identify  the  a|>prupriate  long- 
disiance,  large-time  scaling,  aial  u  suitable  effective  equation.  The  scientific  importance  of  tliis  work 
lies  in  its  link  to  recent  theories  for  modelling  eddy  diffusiviiy  in  turbulent  How.  In  prii.ir  woik  Avcl- 
laneda  and  Majda  iiilnuluced  a  cla.ss  of  "exactly  rcnormalizablc"  models,  wlwsc  effective  behavior 
can  be  computed  explicitly.  Their  recent  work  includes  an  extercsion  to  the  transport  of  interfaces 
raiher  than  individual  panicles.  Rigorous  results  have  been  obtained  concerning  the  fractal  dimen¬ 
sion  of  an  evolving  interface,  and  Uiese  can  be  linked  to  experimental  work  in  tlic  turbulence  litera¬ 
ture.  The  work  of  Avellaneda  and  Majda  has  also  explored  the  sense  in  wliicli  Uieir  "exactly  renor- 
malizahle  models"  pmvide  an  analytical  test  of  the  RNG  ("renormalization  group")  meiliod,  intro¬ 
duced  by  Yakliot  and  Orszag  for  estimating  eddy  diffusiviiy  in  fully  developed  luibulence.  Tlierc 
arc  a  limited  number  of  possible  effective  behaviors,  which  can  be  viewed  a.s  distinct  types  or 
"phases"  of  turbulent  behavior.  The  RNG  meiiiod  misses  some  of  the  phases  completely,  bcctiusc  it 
is  peiturbativc  in  character.  Wlicrc  it  applies,  however,  its  results  aie  remarkably  accurate.  Avcl- 
laneda  and  Majda  have  shown  that  the  phase  diagram  is  not  specific  to  the  details  of  the  "exactly 
rcnormalizablc"  examples.  The  same  picture  applies  for  any  random,  isotn’pic.  incompressible  vclo- 
eiiv  field  in  a  rieighhortiood  of  the  Kolmogorov-Obukhov  regime. 

(d)  Marco  Avellaneda  juid  Yves  Achdou  studied  the  permeability  of  porous  rock  (the  constant  in 
D’Aay's  law),  and  more  generally  tlic  dynamical  pemieahiliiy  (describing  the  rcspr.mse  to  an  oscil¬ 
latory  prcssure  gradient).  Prior  w'ork  in  die  physics  literature  had  proposed  empirical  or  "approxi¬ 
mate"  laws  for  these  quantities  in  terms  of  the  electrical  behavior  of  die  .same  rock.  These  empirical 
laws  were  derived  by  means  of  a  certain  "etTectivc  medium"  approximation.  The  work  of  AcIkIou 
and  Avellaneda  showed  dial  pore  si^e  di.spersion  and  pore  rouglmess  effeas  can  lead  to  systematic 
deviations  fnim  the  empirical  laws.  They  used  computer  simulations  to  explore  how  the  breakdown 
of  the  effective  medium  approximation  depends  on  various  features  of  the  niicroslruciure. 

(e)  Graeme  Milton  and  I..eonid  Gibiansky  Investigated  the  extension  to  viscoelasticity  of  the  well- 
known  Ha.shin-Shirikman  bounds  on  the  effective  bulk  modulus.  This  effective  parameter  amirols 
the  propagation  of  acoustic  pressure  waves.  Milton  and  Gibi;msky  showed  dua  the  complex  bulk 
modulus  of  a  two  component  composite  lies  in  a  certain  leas  shaped  region  of  die  complex  plane. 
Moreover  special  points  on  die  boundary  of  die  lens  can  he  identified  with  the  specific  geometries. 
This  work  is  interesting  not  only  for  iLs  nwali,  but  also  for  its  method:  it  offers  the  first  specific 
application  of  a  new  variational  principle  for  complex  effeaive  moduli,  fonnulated  a  few  yeais  ago 
by  Cherkaev,  Gibiansky,  and  Milton. 

(I)  Robert  Kohn  and  Grcgoirc  Allaire  coasidered  optimal  bounds  on  die  elastic  energy  of  a  mixture  of 
two  materials,  when  die  average  simin  is  fixed.  Such  bounds  are  u.sel\d  for  structural  optimization, 
and  al.so  in  the  motlelling  of  coherent  phase  tran.siiions.  Prior  work  of  Avellaneda,  Allaire,  and 
Kohn  show'cd  how  to  derive  oplirual  energy  bciunds  in  considerable  generality,  provided  dial  die 
elasticity  tensors  of  die  two  aiinponenfs  are  "wcll-ordcrcd."  The  new  work  of  Allaire  and  Kohn 
extends  the  optimal  lower  bound  on  clasUc  energy  to  the  case  of  two  non-well-ordered  but  isotropic 
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inutenuls.. Actually,  twn  dincrr.ni  aryiiinwils  anr  prfsfntpd:  the  fim  extends  an  argument  used  by 
Walpole  to  hound  the,  ftlleetive  hulk  mi.yJiilus;  the  second  is  ba.sed  on  the  tninslation  method. 
Resides  the  intriiiisic  inicresi  of  the  result,  this  work  helps  to  dcmoiistrale  the  fx.wer  ot  the  transla¬ 
tion  method,  and  it  puts  the  work  of  Walpole  in  an  entirely  new  light. 
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1 

J.T.  Beale,  T.  Hou,  and  J.  Lowengrub,  "Growth  rates  for  the  linearized  motion  of  fluid  interfaces  away 
from  equilibrium,"  Comm.  Pure  Appl.  Math,  submitted. 
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R.  Caflisch,  N.  Ercolani  and  T.  Y.  Hou.  "Multi-Valued  Solutions  ajid  Bratich  Point  Singularities  for  Non¬ 
linear  Hyperbolic  Systems,"  Comm.  Pure  .Appl.  Math.,  to  appear. 

A.  Cherkaev,  K.  Lurie,  and  G.  Milton,  "Invariant  propenies  of  the  stress  in  plane  elasticity  and 
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G.  Francfort  and  G.  Milton,  "Sets  of  conductivity  and  elasticity  tensors  stable  under  lamination."  Coirun. 
Pure  Appl.  Math.,  submitted. 

L.  Gibiansky  and  G.  Milton,  "On  the  effective  viscoelastic  moduli  of  two-phase  media;  I.  Rigorous 
bounds  on  the  complex  bulk  modulus,"  Proc.  Roy  Soc.  London  A,  to  appear. 

T.  Y.  Hou  and  Ph.  Le  Floch,  "Why  Nonconser'ative  Schemes  Converge  to  Wrong  Solutions:  Error 
Analysis."  Experimental  Mathematics,  to  appear. 

R.  Kohn  and  S.  Muller,  "Branching  of  twins  near  an  austenite/twinned-martensite  interface,  ’  Phil.  Mag. 
A.  to  appear. 

R.  Kolin  and  S.  Muller,  "Surface  energy  and  microstructure  in  coherent  phase  transitions,"  Comm.  Pure 
Appl.  Math.,  submitted. 
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M.  Mineev,  "Stability  of  two-dimensional  needle  growth,"  Phys.  Rev.  A,  to  appear. 

T.  Olson  and  M.  Avellaneda:  "Effective  dielectric  and  elastic  constants  of  piezoelectric  polycrystals".  J. 
Appl.  Phys.  71,  1992,  4455-4464. 

2.  Book  chapters  and  conference  proceedings 

Y.  Achdou  and  M.  Avellaneda,  "Permeability  of  a  porous  medium:  electrical  and  diffusional  estimators", 
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appear  in  Topology  Design  of  Structures,  M.  Bendsoe  and  C.  Mota  Soares,  eds.,  Kluwer  (Amsterdam). 
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Phenomena  -  Fundamental  Aspects  and  Applications,  C.  T,  Liu  et  al.  eds..  Materials  Research  Society 
Proceedings  Vol.  246. 

R.  Kohn  and  S.  Muller,  "Surface  energy  and  ilie  length  scale  of  twirming  in  martensite."  to  appear  in 
proceedings  of  ICOMAT-92,  J.  Perkins,  ed. 

S.  Torquato  and  M.  .Avellaneda,  "Cross-property  relations  for  transport  in  porous  media:  rigorous  link 
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